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Abstract 

The existence and uniqueness in fractional Sobolev spaces of the 
Cauchy problem to a stochastic parabolic integro-differential equation 
is investigated. A model problem with coefficients independent of space 
variable is considered. The equation arises in a filtering problem with 
a jump signal and jump observation process. 

1 Introduction 

Let (fi, J^, P) be a complete probability space with a filtration of u-algebras 
F = {Ttit ^ 0) satisfying the usual conditions. Let TZ{¥) be the progressive 
c7-algebra on [0, oo) x Vi. Let {U,U, 11) be a measurable space with a u-finite 
measure U, E = [0, T] x R[J, R[( = R'^ \ {0}. 

Let p^"\dt,dy), a G (0,2), and u{dt,dv) be F-adapted point measures 
on ([0,oo)xR[J,^([0,oo))(g)^(R|^)) and ([0, oo) x [/, S([0, oo))®^/) with com- 
pensators l^'^^{t,y)dydt/\yf+°' and U{dv)dt. We assume that the measures 
u and p^"\ a G (0, 2), have no common jumps. 

For fixed a € (0,2], we consider the linear stochastic integro-differential 
parabolic equation 

du{t, x) = (yl(")n(t, x) - Xu{t, x) + f{t, x)) dt (1) 



+ / [u{t-,x + y) - u{t-,x) + g{t,x,y)]q^'^\dt,dy)la(i{Q^2) 

+ [la=2cr\t)diu{t,x)+h{t,x)\dWt + / <^{t,x,v)r]{dt,dv) in E, 

Ju 

u{0,x) = uq{x) in R*^, 
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where A ^ 0, Wt is a cylindrical F-adapted Wiener process in a separable 
Hilbert space Y and a G (0,2), r] are martingale measures defined by 



dydt 

|y|a!+« 



g(")(dt,dy)=p(")(dt,dy)-/(")(t,y) 
and 

r](dt,dv) = v{dt,dv) — Yi{dv)dt. 

The input functions uq, f, g,^,h satisfy the following measur ability assump- 
tions: uq is J-Q (8> ;B(R'^)-measurable, / is Tl{¥) (g) ;B(R'^)-measurable, g is 
n{¥) O 
;B(R'^) ® S(Ro)-measurable, ^> is 7^(F)(g)S(R'^) (g) Z//-measurable and /i is 
y-valued and 7^(F) (g ^(R'^)-measurabe. The operator ^4^") is defined as 

yl(")u(t,x)= / VXt,x)m(")(t,2/)-^l,e(o,2) (2) 



+ Vn(t,x))W + ^B'^it)dfjuit,x)la=2, 



where 



V^u{t, x) = u{t, x + y)- u{t, x) - {Vu{t, x), (y) 

with x^^'Hv) = laG{i,2) + l|j/|!jila=i- Here and throughout the paper we use 
the standard convention of summation over repeating indices. The integral 
part 



V>(t,x)m(")(t,y)^ = A'^/2n 



is the fractional Laplacian if ■m^"^ = 1. 

The coefficients m^'^\t^y) and l^°^\t,y) are 7^(F) (g ;B(RQ)-measurable 
bounded non-negative functions, cr*(t), i = are 7^(F)-measurable 

bounded F-valued functions, h{t) = {b^{t), . . . ,b'^{t)) is a 7^(F)-measurable 
bounded function and B^t) = (B^^ {t),i, j = 1, . . . , d) is a 7?.(F)-measurable 
bounded symmetric non-negative definite matrix-valued function. We as- 
sume parabolicity of ([I]), i.e. m^"' — ^ if a G (0, 2) and the matrix 
B^^{t) — \cT^{t) ■ cr^{t) is non-negative definite if a = 2 (• denotes the inner 
product in Y). 

The equation ([U is the model problem for the Zakai equation (see [2D] ) 
arising in the nonlinear filtering problem. Let a G (0,2) and Zl,t ^ 0,i = 
1,2, be two independent a-stable processes defined by 

Zl= f ( yx^''\y)q^\ds,dy)+ f [ y[l - x^''\y)y\ds,dy), 
Jo JR^ Jo Jr^ 
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where p^\ds, dy) is the jump measure of and 

q^' {ds, dy) = p^' {ds, dy) - m'f^ {s, y) 



dyds 

|y|d+a 



is the martingale measure. Assume that the signal process 

Xt = Xo + Z] + Zl t ^ 0, 

and we observe Yt = Z^. Suppose that Xq has a probability density function 
uq{x) and does not depend on = 1,2. Then for every function / G 
C^(R'='), the optimal mean square estimate for f (X^) , t G [0,r], given 
the past of the observations = a{Ys,s ^ t), is of the form 7rj(/) = 
E(/(Xt)|7f). According to [6j, 

dnt{f) = J ^,{f{.+y)-f)qy(dt,dy) 

+ / Mv^f{-))[m^r\t,y) + ^^^\t,y)]T%^dt. 
jR^ \y\ 

Assume there is a smooth (J"j^)-adapted filtering density function v{t,x), 

E [/ (Xt) = Jv{t,x)f (x) dx, f G C^CR''). 
Integrating by parts, we get 

dv{t,x) = J [v{t,x + y) - v{t,x)]q~^ {dt,dy) 

+ / ^ V^vit, x)[m[''\t, -y) + m(")(t, -y)]^, 

J R.Q I y I 

v{0, x) = uo{x). 

The general Cauchy problem for a linear parabolic SPDE of the second 
order 



du = (ia*-' dijU + b^diU + cu + f)dt + {o^diU + hu + g)dWt in E, 
n(0, x) =0 in R'^ 



(3) 



driven by a Wiener process Wt has been studied by many authors. When 
the matrix (a*-' —a'^-a^) is uniformly non-degenerate there exists a complete 
theory in Sobolev spaces and in the spaces of Bessel potentials Hi (R"^) (see 
[9] and references therein). 
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In [3], the equation ([T]) was considered in fractional Sobolev and Besov 
spaces in the case of A^"'^ = A"/'^ with = 0, r/ = 0, a = and a finite 
dimensional Y. 

In the equation ([1]) was considered in fractional Sobolev spaces in 
the following special form (see equation (3.4) in [S]): 

oo oo 

du = (a(t) A"/2 + f)dt + h^dW^ + g^dY^, (4) 

k=l k=l 

where a{t) ^ (5 > is a positive scalar function, are independent stan- 
dard Wiener processes, 

Yt^ = j z[N^{ds,dz) - TTk{dz)ds\,t ^0,k^l, 

are independent R'^-valued with independent Poisson point measures N^{ds,dz) 
on [0, oo) X Y{]q ,YjN^ {ds , dz) = 'Kk{dz)ds and 

J \z\'^TTk{dz) < oo,k ^ 1. 

Since Yj^ are independent they do not have common jump moments and we 
can introduce a point measure i'{ds, dv) on [0, oo) x U with [/ = N x RJ}^ 
(N = {1,2,...}) by 

v{ds,dv) = v{ds,dkdz) = N^{ds,dz)dk, 

where dk is the counting measure on N. Then 'Eip{ds,dkdz) = T:k{dz)dkds 
and 

r]{ds,dv) = i/{ds,dkdz) — TTi^{dz)dkds 

is a martingale measure. Therefore with Y = P (the space of square 
summable sequences) we can rewrite as 

du = {a{t)A''/^u + f)dt + hdWt+ [ ^is,v)r]{ds,dv) (5) 

Ju 

where ^{s,v) = g{s,k,z) = g^{s) ■ z. Thus dH is a partial case of ([TJ with 
= Q and m^°'\t,y) = a{t). Theorem [5] below shows that the estimates 
of the main Theorem 3.6 in [8| are not sharp and the assumptions can be 
relaxed. Contrary to the case of a partial differential equation, in order to 
handle an equation with A^"'^ it is not sufficient to consider an equation 
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with fractional Laplacian like ([5|). Since only measurability of m^'^\t,y) in 
y is assumed, in general (for a € (0, 2)) the symbol of yl^") 

is not smooth in ^. In addition, m^'^\t,y) can degenerate on a substantial 
set (see Assumption A and Remark [1] below). The equation ([1]) in Holder 
classes was considered in [12]. 

In this paper, we prove the solvability of the general Cauchy model 
problem ([T|) in fractional Sobolev spaces. In Section 2, we introduce the 
notation and state our main results. In Section 3, we prove some auxiliary 
results concerning approximation of the input functions. In Section 4, we 
consider a partial case of (HD with = 0, non-random m^°'^ and smooth 
input functions. In the last two sections we give the proofs of the main 
results. 



ay 



\d+a 



2 Notation, function spaces and main results 
2.1 Notation 

The following notation will be used in the paper. 

Let No = {0,1,2,...},R|^ = R'^VlO}. If x,y e Ti'^, we write 

d 

{x,y) = "^Xiyi, \x\ = ^/{x,x). 

i=l 

We denote by C^(R'^) the set of all infinitely differentiable functions on 
with compact support. 

We denote the partial derivatives in x of a function u{t, x) on R"^"*"^ by 
diU = du/dxi, dfjU = d'^u/dxidxj, etc.; Du = Vu = {diu, . . . ,ddu) denotes 
the gradient of u with respect to x; for a multiindex 7 G Nq we denote 

D^uit x) = ^'^'^(^'"^^ 
n,u[t,x) Q^j. j^^,,- 

For a G (0,2] and a function u{t,x) on R'^^-^, we write 
where 

J^hit,0 = I e~''^^'^h{t,x)dx,:F-'h{t,0 = 77^ [ e*«'^)/i(t,Ode. 



The letters C = C(-,...,-) and c = c(-, . . . , •) denote constants depending 
only on quantities appearing in parentheses. In a given context the same 
letter will (generally) be used to denote different constants depending on 
the same set of arguments. 



2.2 Function spaces 

Let <S(R'^) be the Schwartz space of smooth real-valued rapidly decreasing 
functions. Let be a Banach space with a norm | • |y. The space of V- 
valued tempered distributions we denote by 5'(R'^,y) (/ G 5'(R'^,y) is 
a continuous valued linear functional on 5(R'^)). If V = H, we write 
S'(R'^,V) = S'i'R'^) and denote by (•,•) the duality between S'(R'^) and 
5(R'^). 

For a y- valued measurable function h on R*^ and p ^ 1 we denote 

\hfv.r> = I \K^)\UX- 



Further, for a characterization of our function spaces we will use the 
following construction (see [Ij). By Lemma 6.1.7 in [1], there is a function 
(I) G C^(R'^) such that supp(/> = : ^ ^ |C| ^ 2}, (/.(C) > if 2"! < |^| < 2 
and 

oo 
j=-oo 

Define the functions (p/^ e 5(R'^), A; = 1, . . . , by 
and ifo G 5(R'^) by 



Let /3 G R and p ^ 1. We introduce the Besov space 
generalized functions / G S'(R'^,V) with finite norm 



i/p 



and the Sobolev space Hp(R!^, y) of / G 5'(R'^, V) with finite norm 



V,p 
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where 

I is the identity map and A is the Laplacian in R*^. For the scalar functions 
an equivalent norm to ^ is defined by 

r . / oo . p/2 ^ i/p 

We also introduce the corresponding spaces of generalized functions on 
E = [0, T] X R'^'. The spaces B^p{E, V) and H^{E, V) consist of ah measur- 
able S"(R'^,y)-valued functions / on [0,r] with finite norms 



and 



Similarly we introduce the corresponding spaces of random generalized 
functions. 

Let (r^jJ-", P) be a complete probability space with a filtration of a- 
algebras F = {Tt) satisfying the usual conditions. Let 7^(F) be the progres- 
sive (T-algebra on [0, oo) x il. 

The spaces M^{R!^ ,V) and E[p(R'^,y) consist of all J-'-measurable ran- 
dom functions / with values in B^iJM^, V) and Hp{'R'^, V) with finite norms 

-1 Vp 



and 

i/p 



The spaces M^{E, V) and M.p{E, V) consist of all 7?.(F)-measurable ran- 
dom functions with values in Bpp{E, V) and Hp{E, V) with finite norms 



and 



7 



liV = Lr{U,U,lV), r ^ 1, the space of r-integrable measurable functions 
on U, for brevity of notation we write 

B^^ppiA) = B^p{A, V), B^,pp(^) = B^p(A, V), 
H^^^iA) = H^{A, V), M^^^^iA) = H^(^, V), 
Lr,piA) = H^^piA), K,p{A) = Kp(^)^ 

where A = R*^ or E. For scalar functions we drop V in the notation of 
function spaces. 

We also introduce the spaces M'^pp{E) and M.'^^p(E) consisting of 7^(F) ® 
H(Ro)-nieasurable 5"(R'')-valued random functions / = f{t, x, y) with finite 
norms 



and 



where 



i/p 



l/r 



2.3 Main results 

We fix non-random functions m^^\t^y) ^ 0, a G (0,2), on [0,r] x Rpand 
positive constants K and 8. Throughout the paper we assume that the 
functions ttIq"'* satisfy the following conditions. 

Assumption Aq. (i) For each a € (0,2) the function m'^\t,y) ^ is 
measurable, homogeneous in y with index zero, differentiable in y up to the 
order do = [|] + 2 and 

ii?>;,")(t,2/)i^K 

for all t G [0,T], y G Rq and multiindices 7 G Nq such that I7I ^ do; 
(ii) For all t G [0, T] 



L 



wm'^\t,w)ii^_-^{dw) = 0, 

Sd-i 
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where S"^ ^ is the unit sphere in R'^ and is the Lebesgue measure on 
it; 

(iii) For each a G (0, 2) and t G [0, T] 

inf j \{w,iTm^^\t,w)^^,_,{dw) ^ 5 > 0. 
151 = 1 J5<'-i 

Remark 1 The nondegenerateness assumption Aq (iii) holds with certain 
5 > if, e.g. 

inf rnk'\t, w) > Q 

tG[0,T],M,Gr 

for a measurable subset F C S'^^^ of positive Lebesgue measure (the function 
m^Q^ can degenerate on a substantial set). 

Assumption A. (i) The real- valued random functions m^"\t, y) and l^"\t, y) 
on [0,T] X Rq are non-negative and 7^(F) (g) jB(RQ)-measurable; the real- 
valued random functions B^^{t) = B^^{t), b''-{t), i,j = 1, . . . on [0, T] are 
7?.(F)-measurable; the Hilbert space Y-valued random functions cr^{t), i = 
1, . . . ,d, on [0, T] are 7^(F)-measurable. 

(ii) P-a.s. for ah t G [0, T], y G Rq and i,j = l,...,d 

m^^\t,y) + /(°)(t,y) + \B'^{t)\ + |6*(t)| + y{t)\Y ^ K 
and for all < r < i? < oo, 

!^ ymW(t,y)-^=0. 

(iii) P-a.s. for all t G [0, T] and y G R|^ 

m(°)(t, y) - /(")(t, y) ^ m^^^ {t, y) if a G (0, 2), 
{B'^{t) - ]^a\t) . a\t))y,y, ^ 5\y\' if a = 2, 

where 6 > 0, the function satisfies Assumption Aq and • denotes the 
inner product in Y. 

Remark 2 Assumption A (iii) is called superparabolicity of ([1]). 
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Definition 3 Let a e (0,2], /3 € R, p ^ 2, uq G Bp^" ^ (R°') be /"q- 

measurable, f e M;{E), ^ e Bp,pp ^E) nM^l'iE), g G Bp,pp " (S) n 

PFe say i/iai u G IHIp^"(£') zs a strong solution to ([1]) ifu{t, •) zs strongly 
cadlag in H^(R'^) with respect to t, G M^{E) and P-a.s. imp e 5(R'^) 

d {u{t),^) = - Xu{t) + f, if^ dt (8) 

+ / {u{t-,-+y)-u{t-,-)+g{t,-,y),^)q^'^\dt,dy)l^^^Q^2) 



+ / mt,-,v),^)r,{dt,dv) + {la=2(T'{t)diu{t) + h{t),^)dWt 
Ju 

n(0) = uq; 
equivalently, in integral form 



{u{t), ^) = (no, ^) + f (^(°)n(s) - \u{s) + /, ^) 



ds 



+ / / {u{s-,- + y)-u{s-,-)+g{s,-,y),ip)q^'^\ds,dy)la(z{o^2) 



lo JRi 

rt r 

lo Ju 



{^{s,-,v),ip)r]{ds,dv)+ / {la=2cr'is)diu{s) + h{s),ip) dWs 

Jo Ju 

^ t r. 

Remark 4 Since according to Theorem 2.4-2 in ]19^ 

mll;""^ {E)rmll''^ [E) ^ iH^,p(i^)nM^^p(i?),<p;"^(i?)n]H[J+^(i?) c Mjp(i?)nM|p 

the assumptions of Definition\^ imply (see Lemma [TE below) that 

Ml = f I g{s,;y)q^''\ds,dy)l^^^o,2), 
Jo Jr^ 

= [ [ ^{s,-,v)r]{ds,dv),0 !^t ^T, 
Jo Ju 

are cadlag Hp (R!^) -valued. According to Theorem 1 in fl6f . 

Mf = [ [la=2(T\s)diJ'^u{s) + jf^h{s)]dWs,0 ^t !^T, 
Jo 
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is continuous Hp (IV^) -valued. By Corollaru [73l helow 

is Hp (R!^) -valued cadlag. 

The first main result concerns the so-cahed uncorrelated case of ([T]) de- 
fined by 

du{t, x) = (A(")n - An + /) (t, x)dt (9) 

+ / ^{t,x,v)r]{dt,dv) -\- h{t,x)dWt in E, 
Ju 

u{0,x) = uo{x) in R*^. 

Theorem 5 Let q G (0, 2], /3 € R, p ^ 2 and Assumption A be satisfied 
with = and a' = 0, i = l,...,d. Let uq G Mpp"~^ {K'^) be To- 
measurable, f G M^{E), $ G Bp,pp"^(^)nEl2^p^(S) anrf/i G IH^+"/^(S, F). 

Then there is a unique strong solution u G Mp'^°'{E) of ([9]). Moreover, 
there is a constant C = C{a, /3,p,d,T, K, 5) such that 



I^Ih^+-(B) ^ C[\uo\^p^+^-f^^^ + |/lH^(i5) (10) 



"2,1 



Remark 6 According to the embedding theorem (see Theorem 6.4.4 in [T]), 

the estimate (fTO]l holds with |uo|b0p(£;) and |^|B0pp(£;) replaced by |iio|H^(£;) 
and \^\m;jE), where k = /3 + a - |. 

Theorem [5] covers the deterministic equation 

dtu{t, x) = A^"'^u{t, x) - Xu{t, x) + f{t, x) in E, (11) 
u(0, x) = uq{x) in R"^ 

with non-random coefficients and input functions. The following obvious 
consequence of Theorem O holds. 

Corollary 7 Let a £ {0,2], /3 G R, p^2 and for all t £ [0,T], y £ K^, 

m^''\t,y) + \B'^it)\ + \b\t)\i^K, i,j = l,...,d, 
m^''\t,y)^m^^\t,y) if a £ {0,2) 
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and 

B'^{t)y^yj^6\y\^ if a = 2, 
where itiq satisfies Assumption Aq. Let uq G Bpp (R*^) and f € 

Then there is a unique strong solution u € Hp~^"{E) of (jlip . Moreover, 
there is a constant C = C{a, /3,p,d,T,K,6) such that 



Given g G Bp,pp " (E) n ^ (^) denote 



Ag(t, j;, y) = g{t, x-y, y), {t, x) £ E,y e Rq. 
For a.g,Ag e Bp,pp " (^) n 112^^ ^ denote 

Ig{t,x)= I (Ag - g){t,x,y)l^"\t,y)-^{t,x) G E, 

assuming that 

Ig{t,x) = lim / (Ag - g)it,x,y)l(-^\t,y)-^{t,x) G i?, (12) 
J\y\>e \y\ 

is well defined as a limit in EIp(i?) (we write simply that Ig G Mp{E) in this 
case). 

In the general case the following statement holds for ([1]). 

Theorem 8 Let a G (0,2], /? G R, p ^ 2 and Assumption A be satisfied. 

Let uq G Bp,^""'^(R'^) be To-measurable, fjg G M^{E),<I> G Bp,pp"^(^) n 

mJ^^(S), 5, A5 G Bp,pr^(S) nElJJ^(^) and /i G IH^+"/'(E, F). 

T/ien i/iere is a unique strong solution u G E[p~'""(ii^) o/ ([T]). Moreover, 
there is a constant C = C{a, f3,p,d,T,K,6) such that 

l'"lH^+"(i?) ^ (^(l^olj^^+.-f + 1/ - -^5Ih^(s) 

+i^i<-/^(i.,y) + i^i<,:t(^) + i^iBi:rf(^) 
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3 Approximation of input functions 

Let a non-negative function ( G Cq°{'R'^) be such that ({x) = if |x| ^ 1 
and / ({x)dx = 1. For e G (0, 1) we set 

Ux) = e-''C{x/e), xeK^. 

Let F be a Banach space with a norm \ ■ \v- 

Lemma 9 Let /3 G R, p ^ 1 and u £ A, where A = B^{'R'^, V) or 

H^{R'^,V). LetUe = U*Ce- 

Then \ue — u\a — >■ as e — >■ 0. Moreover, for every e and multiindex 
7 G Nq there is a constant C not depending on u such that 

sw£>\d'^ Ue{x)\v + \d'^Ue\v,p ^ C\u\a. 

X 

Proof. Let v G Lp(R'^, V), p'^ 1, and = v * It is well known that 

\Ve\v,p < \v\v,p 

and 

Therefore, 



oo 

j=0 j=Q 



j=0 



and 



j=Q 



oo 



= j2^^''^\i'Pj*^h-'Pj*u\v,p^^ 

as £ — >■ 0. Similarly, 
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and 



W - u\H^(Rdy^ = - u)\v,p = [J'^U) - J'^^ 



V,p 



as e ^ 0. 



Let u € Bi;p(R'^,V). Then 



in 5'(R'^). Therefore, 



U = ^ U * (fj 
j=0 



j=0 



and, for every m € Ng and / > 0, 

CO 

j=0 

Applymg Minkowski's and Holder's inequahties, we get 

oo oo 

I J™n,(x)|v^ ^ E 1^"'^ * * '^""''^v ^ E 1^''^ * ^^v * k™+'Ce|(^) 

j=0 j=0 

oo 

j=0 

and 

oo oo 

\ns\v,p ^ E l'^"'^ * '^J- * J'"^'^e\v,p ^ CY,\J-'^ * 
j=0 j=0 

By Lemma 6.2.1 in [1], 

I J~'n * ^ C2^'-^u * (Pj\v,p- 

On the other hand. 



\u * 
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Choosing I so that I + /3 > 0, we have 

oc oo 

\J"'u,{x)\v + \J'^u,\v,p ^ CY,\J~'u*'Pj\v,p^C^2-'^u*ipj\v,p 



j=0 

oo 



j=0 



j=0 

For u e H^i'R'^, V), we have 

Applying Minkowski's and Holder's inequalities, we get 

\J'^u,{x)\v + \J'^u,\v,p ^ C\J^u\v,p = C\u\^,^^,^yy 

The lemma is proved. ■ 

Similarly we approximate random functions. 

Lemma 10 Let P E H, p ^ 1 and g e A, where A = Mpp{E, V) or 
M.^{E,V). Let 

i9)n= 9n{t,x) =n [ g{s, ■) *Ci {x)ds, {t,x) € E, (13) 

/j. n 

where tn = {t - ^) VO. 

Then l^n — 5|a^0 as n ^ oo. Moreover, for every n and multiindex 
7 G Nq there is a constant C not depending on u such that 



E 



nT 

sup \d2gn{t,x)\^ + / \d2gn{t,-)\^y dt 

,x)ge Jo 



^ nC\g\A < oo. 



Proof. Let 



gn{t,x) = n g{s,x)ds, gn{t,x) = g{t,-) * Ci_{x). 

Jtr, 

Applying Minkowski's and Holder's inequalities, we have 

\9n-gn\A= / "/ [9n{s,-) - gis,-)]ds dt 

•JO Jtn Ad 

^ lo ^ It l^"^'^'"'' "^'■'^'■''IL'^'^'^* 



^ Jo l^"*'^'''' ~^*^*''^Ia/^' 
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where = B^p(R'^, V) or IH^(R'^, V). Hence, by LemmaEl \gn - (inW ^ 
as n ^ oo. 

Let v{t), t € [0, r], be a function in a Banach space with norm || - 1| such 
that Jg ||t>(t)||P(it < oo. It is weh known that 



n 



T rt 



Jt 



\v{s)-v{tWdsdt^Q 



as n ^ oo. Therefore, applying Minkowski's and Holder's inequalities, we 
get 



\9n - 5l' 



n / [5(5,-) - g{t,-)]ds 



dt 



n / \9{s,-) -g{t,-)\.ds 

. Jtr, . 

T rt 



dt 



Jt 



/ \g{s,-)-g{t,-)\ldsdt^^ 



as n ^ 00. Hence, 

\gn - 9\a ^ \9n - 5n|A + ISn " ^ 0, n ^ OO. 

Applying Minkowski's and Holder's inequalities, we have 



\d2gn{t,x)\^y = n d2gn{s,x)ds < [n \d2gnis,x)\yds 

Jt„ V \ Jtn 

< n \d].gnis,x)\yds. 
J tji 

Therefore, by Lemma [9l 

sup \d].gn{t,x)\\,+ [ \d2gnit,-)ds\l. dt^ 
\(t,x)eE Jo J 

^nEI sup / \&lgn{^s^x)ds^yds ^ / / \&lgn{_s ^ -^ds^^y dsdt 
\{t,x)eE Jtn Jo Jt„ 

^ nC\g\l^ < oo. 

The lemma is proved. ■ 

We denote by Dp{E, V), 1, the space of ah 7^(F)(g)^(R'^)-measurable 
y- valued random functions $ on £^ such that <I> G r\nyQM.p{E,V) and for 
every multiindex 7 € Nq 

E sup |L'2<I>(t,x)|y < 00. 

(t,x)&E 
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Similarly we define the space Dp(R'^, V) replacing 7^(F) and E hy T and R*^ 
in the definition of y). For brevity of notation, if 1/ = Lr(C/,W, 11), 

1, we write 'Sr,p{^) = ^p{E, V).UV = 11, we drop V in T)p{E, V). 

We denote'by f)rp{E), r ^ 1, p ^ 1, the space of ah 7^(F) ® B{R'^) O 

mt)- 

measurable real-valued random functions g such that for every multiindex 
7€N^ 



E< sup 

T 



\Dlg{t,x,y)\^l^^\t,y)-^^ 



-ip/r 



d+a 



+ 



JR<* 



p/r 



dxdt > < oo. 



Lemmas [9l and fTOl imply the following statement. 

Lemma 11 Let p ^ 1, r ^ 1 and k, k' G R. Then: 

(a) i/ie sei S)j,(R'^) is a dense subset in Bpp(R'^) and i/ie sei Dp{E) is a 
dense subset ofM.p{E); 

(b) the set Tlr,p{E) is a dense subset in M.'^^p{E) and M'^^pp{E), and the 
set T»2,p{E) nTtp^piE) is a dense subset o/H|p(£;) nM^[pp{E); 

(c) the set fi^^piE) is a dense subset in ]HI^p(£') and M'^^pp{E), and the 
set f)2,p{E) n£'p,p(£^) is a dense subset ofM^^p{E) nM^[pp{E). 



Proof, (a) Let u G (R'^) and n„(x 



u * 



n 



1,2,.... Using 



Lemma m it is easy to derive that u G Sp(R ) and \u — 'Ura|B«p(Rd) 
as n ^ oo. If 5 G M.p{E) and gn is defined by (fT3]) . then by Lemma \T0\ 
\9 - an\m'^{E) as n oo. 

(b) According to Lemma [T0| we have the following statements: 

(i) if 5 G IHI^,p(-E) or M'^^pp{E), then the functions gn defined by (1131) 
belong to ^rA^) and \g - 5n|H-p(£;) ^ or - s-nb^ppCi?) as n ^ oo; 

(ii) if 5 G Mfl^E) n M;[pp{E), then g^ G D2,p(^) n ^p,p{E), n = 1, . . . , 
and 15 - gnlmt'^^^iE) + Id - 9nW^'^^{E) ^ as n ^ oo. 

(c) According to Lemma 14.50 in [7j, there is a R''- valued 7^(F) (g) ;B(Ro)- 
measurable function c^"\t,z) such that 



dy 

i\d+a 



R() 



(14) 
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and for any non-negative measurable function F{t, x, y) 

F{t,x,y)l^'^\t,y)-^= [ F{t,x,z)%, 

where X, z) = F{t,x,c^'^\t, z)). Hence, if F G ]H[;r^p(S), then |F|aj. = 
WW^iEyr)^ where Vr = L,(Ro, ^(Ro), dz/z^). Also, if F G M'^^pp{E), then 

W\m,^^{E) = \FU^^(E,Vr)- 

Let g G W^^p{E) and 5„ be the function defined by p^ . By Lemma [TOl 
5„ G Dp(F,-V;) and 

\9 ~ gn\m'<-(Eyr) — as n ^ cxo. Therefore, 5(„ G T)r,p{E) 
and |g - ffn|]ipj,{£;) = \9 - 5n|H«{£;,vv) ^ as n ^- oo. So, ^r,p(F) is dense 
inH;^^p(F). 

Similarly we prove the remaining assertions of part (c). ■ 
3.1 Stochastic integrals 

We discuss here the definition of the stochastic integrals with respect to a 
martingale measure rj. 

Lemma 12 Let /3 G R,p ^ 2,$ G IHlf p(F) nBlj^,p(F). There is a unique 
cadlag Hp {'R'^) -valued process 



M{t) 



j ^{s,x,v)r]{ds,dv),0 ^T,x eR"^, 
such that for every ip G 5(R'^) 

(M(t), V) = J (Hs, ■,v), r]{ds, dv),Oi^t^T. (15) 
Moreover, there is a constant independent of C such that 

Esupl / / ^is,;v)rjids,dv)\^^^^,^i^C ^ l^lm^.iE)- 

i^T JO J ^^2,p 

Proof. For an arbitrary (j) G M2 p{E)nM.p^p{E) , by stochastic Fubini theorem 
(Lemma 2 in |15j ) 



t r ft 

{(j){s, ■,v),ip) r]{ds,dv) = III 4>{s,x,v)J~^ Lp{x)dxri{ds,dv) 

J^4>{s, X, v)r]{ds, dv)J~^ip{x)dx, 



J Jo 
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and (see Corollary 2 in [13 



E[sup 



^ C I Esup 



{(j){s,-,v),ip)r]{ds,dv) 



J^(f){s, X, v)r]{ds, dv) 



(16) 



r=2,p 



First we define the stochastic integral for ^ G D2,p{E) n^p^p{E). By 
Lemma 15 in [15], for a given <I> G X'2,p(-E) H Dp^p{E) there is a cadlag in t 
and smooth in x adapted function M(t, x) such that for each 7 G Nq and 
X G R"*, P-a.s. 

D2M{t,x) = J D2^{s,x,v)r]{ds,dv),0 ^ t ^ T. 

By stochastic Fubini theorem (Lemma 2 in [15j), for each /? G R and x G R*^, 
P-a.s. ^ 

J^M{t,x) = j J'^'^is,x,v)7]{ds,dv),0 ^ t ^ T, 

and P-a.s 

{M{t),ip) = [ M{t,x)ip{x)dx = J J {J ^{s,x,v)ip{x)dx)ri{ds,dvll7) 

{^{s,-,v),ip)'n{ds,dv),0 ^ t ^ T. 

Obviously, J^M{t) is Lp(R'^)-valued continuos and, by Corollary 2 in [13] . 
there is a constant independent of <^ such that 



If $ G ^2,p{E) n H^,p(£;), then there is a sequence G S2,p(£^) n 2)p,p(£;) 
such that 

r=2,p 

as n ^ 00. Let 



Esup|M(t)|; <CE 1^1 



Urn 



(18) 



M„(t) 



$„(t, ■,v)r]{ds,dv),0 ^ t ^ T. 
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According to ([H]) and pT]) . 

^ r=2,p 

as n, m — )• oo. Therefore there is an adapted cadlag (R'^)-valued process 
M{t) so that 

Esup|M„(t)-M(t)P, ^0 



as n ^ CO. On the other hand by (jl6p . 



Esup I /" /" (^>„(s,-,^^) - 

i^T JO J 



r=2,p 



as n ^ oo, and (|15p holds. The statement follows. ■ 
Corollary 13 Let a G (0,2), /? G R, p ^ 2,n G W^'^'^{E). Then 

Q{t) = [«(^' ■ + y)- •)] ^/^"Hc^s, dy), ^ t ^ T, 

is cadlag Hp (Rf^)- valued and 



Esup|Q(t)|^,(j,,^ ^C|nljj, 



/3 + a/2 



Proof. We apply Lemma [T2] with x, y) = u{s, x + y) — u{s, x), (s, x) G 
E,y e Rq. We have 

J^$(s, x, y) = J^u{s, x + y) - J^u{s, x) 

and, by Theorem 2.2 in jl8). 



p/2 
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By definition of the norm, 



E 



= E^ J J \J^u{s,x + y) - J^u{s,x)\P 



dydxds 



4 Model problem. Partial case I 

In this section, we consider the Cauchy problem 

du{t, x) = {A^Q^u -Xu + f) {t, x)dt 

+ / X., v)r]{dt, dv) + h{t, x)dWt in E, 
Ju 

u(0,x) = uo{x) in R*^ 

for smooth in x input functions Uq, f,^,h. 
The operator ^q"-* , a G (0, 2] , is defined by 

= y V^«(i,a;)m[,"^(i,y)^p:^lc,e(o,2) 

+ {b{t),Vu{t,x))la=l + ^SAu{t,x)la=2, 

where 6 > 0, 

Vy{t, x) = u{t,x + y)- u{t, x) - ( Vu(t, x) , y)x^''^ (y) , 
X^"Hy) — lae(i,2) + l|2/|^ila=i ^ is the Laplace operator in E 
4.1 Auxiliary results 

In terms of Fourier transform 
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where 

4''\t,o = -co [ iKe)r[i-i(tg^sgn(u;,e)Wi 

2 \ 1 

-- sgn(?i;, In \{w, C)|la=i j rn'^^\t, w)iJ,a-i{dw)las{i,2) 

+i(6(t),e)la=l-^5|ePla=2. 

and Co = co(a) is a positive constant. 
Let us introduce the functions 

Gg)(x) = exp (^%(")(r,e)dr) 

Remark 14 The function G^"^(a)(x) is the fundamental solution of the 
equation dfU = Aq^\. On the other hand (see, e.g. [IT]), G^"^ is the density 
function of an a-stable distribution. Hence, G^""* ^ and 

/ G£)(x)dx = l. 
Jr.'' 

Further, for brevity of notation, we will drop the superscript a in G^""*'^ 
and Gi"\ 

For a representation of solution to ()19p we introduce the following oper- 
ators: 

rt^no(x) = G^^t * no(x), G S)p(R'^), 

Rxf{t,x)= [ G^,*f{s,x)ds, feI)p{E), 
Jo 

RxHt,x) = [ [ G^t*^s,x,v)r]{ds,dv), G D2,p(^) n 2)p,p(^), 
JO Ju 

Rxh{t,x) = [ G^t*h{s,x)dWs, he^p{E,Y). 
Jo 

Lemma 15 Let a G {0,2], p ^ 2 and Assumption Aq be satisfied. Then 
there is a constant C = C{a,p,d,K,5) such that the following estimates 
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hold: 



(ii) \R\fk,iE) ^ Pxlfk^E), f e ^p{E), 

(iii) \Rx^\l,(e) ^cY, ph'^krAE)^ ^ e S2,p(i?) n 

r=2,p 
1 

(iv) \Rxhk^(^E)<Cpl\hk^^E,Y)^ he^piE,Y), 
where px = T A j. 

Proof, (i) By Minkowski's inequality and Remark 1141 



rT 







\Glt*uo{x)\Pdxdt^ I e-^n^oll^^n'^^dt 



T 



(ii) By Minkowski's inequality and Remark 1141 




Jw 

T / ft 



Git * f{s,x)ds 



dxdt 



1 (/ j^,^^M\fi^'-)K{^¥yd^Jdt 



Applying here Holder's inequality, we get 



\Jo 



p-1 /"t 




Js 



iLp(£;)- 



(20) 



(iii) By Doob's and Minkowski's inequalities 

V 



B\Rxh{t,x) 



E 



G^t*h{s,x)dWs 







^ CE 



^ Ce( / [G^,,*|^(^,a;)|y]'ds 
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Therefore, by Minkowski's inequality and Remark 1141 



\Rxh\P = E 



iLp(£;) 



< CE 

< C 

= c 



J'R'i \Jo 

■t 



\J0 JU.'i 

T / ft 



Rxh{t, x)\^dxdt 

\G^^^ * [/i(s,x)[y] ds I dxdt 

\ 2 

^^^^'-'^GsM\Hs,-)\l^(^^.X)dydsy dt 



-2X{t-s 



ds dt. 



Now, similarly as in (j20p with p replaced by p/2, we get 

p 



\Rxh\liE)^Cpl\h\ 



By Corollary 2 in 



A l"'lLp(£;)- 



\Rx^\liE)^C{A + B), 



where 



A = E 




JR<* \J0 JC/ 




[G,^t * $(s, X, t;)] U{dv)ds dxdt 



and 



S = e/" [ [ [ \G^t*<^{s,x,v)\^U{dv)dsdxdt. 
Jo Jr'^ Jo Ju 

By Minkowski's inequality and Remark 1141 



^ ^ E 



T 



Jh'^ \Jo 

t 



Gi,*{ / <S>\s,x,vMdv) 



u 



^ ^2 



ds dxdt 



T 

\Jo 



and 



5 ^ E 




Jo 

T ft 



G^,,* / \^s,x,v)\PYi{dv) 



dsdxdt 




^0 
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Now, similarly as in (pOj) . we get 



lL2,p(S) 

and 



Lemma 16 Let a € (0,2], /3 E R, p ^ 2 anrf Assumption Aq &e satis- 
fied. Then there is a constant C = C{a,p,d,K,6,T) such that the following 
estimates hold: 

^ C\uo\ ,3+.-^^ , ^ uo£ ^pi'R'^), 
Bpp "{n-i) 



(i) 




(ii) 




(iii) 




(iv) 





r=2,p 

^ C7|/i|jj^+<,/2^^^^^, h£^p{E,Y). 

Proof. We have Lp-estimates by Lemma [151 The estimate (ii) follows by 
Theorem 2.1 in [TT]. The estimate (iii) is proved in [13] (we apply Corollary 
1 and Proposition 2 with V = L2{U,U,Il)). The estimate (iv) is proved in 
[I3] (Proposition 2 with V = Y). 

It remains to prove (i). We follow the arguments in [13] (see [3] as well). 

Let 

TtUo{x) = Go^t * uo{x). 

Since 



it suffices to prove the estimate 



for non-random functions uq E Sp(R'^). 

In order to show (1211) , we follow [H] . Let 
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where the functions ipj, j ^ 0, are defined in Subsection 12.21 Let 

According to Lemma 12 in [llj or inequahty (36) and Lemma 16 in |13] . 
there are positive constants C and c such that for all s < t, j ^ 1, 

\hi\^ ^ (2^"t)', ^ C. (22) 

Here and in the remaining part of the proof we use the notation | • |p = 
I • iLpCRd), p^l. 

We set 

uo,j = UQ*ipj, i ^ 0. 

Obviously, 

Lp. * TtUQ = Tt{uo = Ttuoj, j ^ 0. 
Since ipj = ipj * ^j, j ^ 0, we have 

Ttuoj = hi *uo,j, i ^ 0. 
By Minkowski's inequality, 

^ £ {f2^"''H*^o,j\l^'dt. (23) 

Applying Minkowski's inequality and ()22p . we get 

\hl * uojlp ^ \hl\i \uoj\p ^ Ce'^^^'^luojlp, j ^ 0. 
Hence, by ([23]) 
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If p = 2, we have immediately 



pi ^ 



oo 



j=0 

If p > 2, we split the sum in (|24p as follows: 



j=0 j£j 

+ ^ e-2"^*22«K.|^ = ^(t) + i?(t), 
ieNo\J 

where J = {j g Nq: 2"-'t ^1}. 

Fix K G (0, ^). Using Holder's inequality, we get 

A{t) ^ ^22«2'^-'2-'"^>oj|^ ^ (5^2'?'"^) ^ 2P'^^2-P'^j/>o,. 
with q = Since 



we have 



2 



So, 



Jo J 'Jo 

CY^2~^^2P'^^\uoJP. 



j 
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By Holder's inequality, 
with q = Since e"'^^"^* is decreasing in j, we have 



ieNo\J 



Therefore, 

r B{t)-2dt ^ Cy^2^P^\uoX f e-^'^'^'Ut 
Jo J Jo 

Finally, 



j " 

The lemma is proved. ■ 

For a bounded measurable m{y),y G R'*, and a € (0,2), set for v € 

Cv{x) = Cau{x) = j 

We will need the following continuity estimate (see [2] for a symmetric case, 
Theorem 2.1 in [5] for a general case using Holder estimates, and Lemma 10 
in |14j for a direct proof). 

Lemma 17 (Lemma 10, ^T^l) Let \m[y)\ ^ K,y ^ IV^jp > 1, and a G 
(0, 2). Assume 

dy 







'r«;||/|^i? \y\ 

for any 0<r<Rifa = l. Then there is a constant C such that 
\Cau\p ^ CK\d''u\p,ue Lp(R'^). 
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4.2 Solution for smooth input functions 

Theorem 18 Let a & {0,2], p ^ 2 and Assumption Aq be satisfied. Let 
uq e Dp(R'^) be J'o-measurable, f € Dp{E), $ G ^2,p{^) ®p,p(-^) "■'^'^ 
h£^p{E,Y). 

Then there is a unique strong solution u € Dp{E) of (|19p . Moreover, 
P-a.s. u{t,x) is cadlag in t, smooth in x and the following assertions hold: 

(i) for each multiindex 7 G Nq and {t,x) S E P-a.s. 

djuit, x) = T^d^uoix) + Rxd2f{t, x) + RxdJ^it, x) 
+R\d2h{t, x); 

(ii) for each multiindex 7 € Nq 

+ Y. pT\d'^krAE)+pT\d'h\l^E,Y)\ 

r=2,p ^ 

where px = T A j and the constant C = C{a,p,d, \ j\,K,6); 

(iii) for each /? G R 

|uL/3+Q,ps ^C<^|no| /3+Q-f ^ + I/Ira's + I^L,/9+T, 



where the constant C = C{a, /3,p,d,T,K,5). 



Proof. We follow the arguments in [T2], [12]. Denote by C^{E) the set 
of all 7^(F) ® S(R'^)-measurable random functions v{t, x) on E such that 
P-a.s. for all t S [0, T] u{t, x) is infinitely differentiable in x and for every 
multiindex 7 E Nq 

sup E|D2^(t,x)|^ < 00. 

{t,x)eE 

According to the definition of Dp(-E), we have T)p{E) C C^{E). 
Let Uq = 0- Since for every multiindex 7 € Nq 



sup E||D2;/(t,x)r + Vf/ |D2<f(t,x,t;)|^n(dt;)') 
{M)G£: I ^^p\Ju J 

+ \Dlh{t,x)\l^<^, 
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by Lemma 8 in [15] and Lemma 7 in [12] there is a unique u € C^{E) 
solving ()19p . u{t,x) is cadlag in t and the assertion (i) holds with 7 = 0. 
Moreover (see equation (20) in the proof of Lemma 8 in and the proof 
of Lemma 7 in [12]), for every 7 € Nq and {t,x) £ E we have P-a.s. 

Dlu{t,x) = / [A^^^Dlu-\Dlu + Dlf]{s,x)ds 
Jo 

+ 11 D2^{s,x,v)r]{ds,dv)+ [ D2h{s,x)dWs. 
Jo Ju Jo 

Applying Lemma 8 in and Lemma 7 in again, we get the assertion 
(i) for arbitrary 7 € Nq. The estimates (ii) and (iii) follow by Lemmas [T5] 
and 1161 The assertion (iii) and embedding theorem imply that u G Dp{E). 
Using Lemma 3.2 in [11], we get that there is a constant C such that for 
every v G IH^+°(E) 

Hence, u G Tlp{E) is a unique strong solution of (fT9l) . 

The case uq 7^ is considered as above repeating the proof of Lemma 8 
in [15] with obvious changes. The theorem is proved. ■ 



5 Model problem. Partial case II 

In this section, we consider the following partial case of equation ([1]): 

du{t,x) = {A^"'^u- \u + f){t,x)dt+ / ^{t,x,v)'r]{dt,dv) (25) 

Ju 

+ I g{t,x,y)q^''\dt,dy)l^^(^o^2) + Ht,x)dWt, 
u{0, x) = uo{x). 

We prove Theorem [S] which is a partial case of the following statement. 

Theorem 19 Let a G (0, 2], /3 G R, p ^ 2 and Assumptions A(i)-(ii) be 
satisfied with a* = 0,i = l,...,d. Assume P-a.s. for all t G [0,T] and 

m^°'\t,y) ^ m^^\t,y) i/aG(0,2), 
{B'\t))yiy, ^ 5\y\^ if a = 2, 
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where the functions itIq satisfy Assumption Aq. Let uq S Mpp (R ) be 
To-measurable, f eM^{E), $ G Mp^pp " (E) n M^^ HE), g £ Mp^pp " (E) n 
]H2j^(^) and h G m'^^"^\E,Y). 

Then there is a unique strong solution u G Mp'^'^{E) of (I25p . Moreover, 
there is a constant C = C{a, f3,p,d,T, K,6) such that 

First, we consider (j25|) for smooth in x input functions Uq, f, ^,g and h. 

Lemma 20 Let a G (0, 2], /3 G R, p ^ 2 and Assumption A be satisfied 
with cr* = 0, i = 1,... ,d, and l^"^ = in A(iii). Let uq G ^piBf^) be To- 
measurable, f G Dp{E), $ G D2,piE)nSp^p{E), g G ti2,p{E) rif)p^p{E) and 
h£^p{E,Y). 

Then there is a unique strong solution u G Dp{E) of (|25p . Moreover, 
F-a.s. u{t,x) is cadlag in t, smooth in x and the following assertions hold: 

(i) for every multiindex 7 G Nq 

I^^^Il^ce) ^ cl^pl^^lD^uok^^n^) + PxlDVk^^E) (27) 

r=2,p 

where px = T A j and the constant C = C{a,p,d, \'y\,K,5); 

(ii) the estimate (j26p holds for every /? G R. 

Proof. Existence. 1*^. First, we consider the equation ()25p with ^^"^ 
replaced by ^q"'' (equivalently, m^") in the definition of A^^^ is replaced by 

K ) • 

By Lemma 14.50 and Theorem 14.56 in there is a R'^-valued 7^(F) (8) 
B(Ro)-measurable random function c^'^\t,z) on [0,r] x Rq satisfying (|14p 
and a Poisson point measure p{dt, dz) on ([0, c«) x Rq, B{[{), 00)) (X) S(Ro)), 
possibly on an extended probability space, such that 

P^''\dt,dv)= I Uy{c^''\t,z))p{dt,dz) 
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and 

q^°'\dt,dy) = I ldy{c'-°'\t,z))q{dt,dz), 

where q{dt, dz) = p{dt, dz) - Hence, for every g G 't)2,p{^) n tip^p{E), 
we have 

/ 9is,x,y)q^°'\ds,dy) = / g{s,x,z)q{ds,dz), 
Jn^ Jo Juo 

where g{s,x,z) = g{s,x,c^'^\s, z)). Since the point measures p and t] have 
no common jumps, the problem (|25p reduces to the case of a single point 
measure on [0, oo) x W, where W is the sum of U and Rq. Therefore, Theorem 
[12] applies and all the assertions of the Lemma follow in the case 

2*^. Let {Q,J-,P) be a complete probability space with a filtration of 
cj-algebras F = (Tt) satisfying the usual conditions. Let p{dt, dz) be an 
F-adapted Poisson measure on ([0,00) x Rq, yB([0, 00)) (8> ;B(Ro)) with the 
compensator dtdz/z'^ and Wt be an independent standard F-adapted Wiener 
process in R"^. 

We introduce the product of probability spaces 

in,T,p) = {nxT},T(S)T,P xP). 

Let T' be the completion of j". LetF' = {^l)^" = {T't) and_r" = (j"/") be 
the usual augmentations of (J-i ® Ft), {J^ ® J^t) and {Ft ® F), respectively 
(see [U). 

Obviously, 

q(dt, dz) = p(dt, dz) — 

z^ 

is an (F', P)- and (F", P)-martingale measure. Also, q^"\dt, dy) and r]{dt, dv) 
are (F',P)- and (F'", P)-martingale measures. 

By Lemma 14.50 in [7], there is a 7^(F) (g) ;B(Ro)-measurable R'^-valued 
function c^\t,z) such that 

M")(i,y)-m(")(t,,)]^= / Uy{ci^\t,z))^ 

\y\ Jno 

with a G (0,2). 
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Let as{t) be a symmetric square root of the matrix B{t) — 51. We 
introduce the processes te[0,T], defined by 

Jo JRo 

+ f I [l-X^''\c^^\s,z))]c^^\s,z)p{ds,dz) 
Jo JRo 

for a G (0, 2) and 

Let us consider the problem 

dw{t,x) = [4")u'(t,x) - Au'(t,x) + -y/"^)](it 

+ / <^(t,x-Y}^\v)7j{dt,dv) 
Ju 

+ [ 5(t,x-y/_"\y)g(")(dt,dy)l,e(o,2) (28) 

jRi 

+h{t,x-Yl''^)dWt, 
wi^O, x) = uo{x). 

Obviously, /(t,x-y/")) G T>p{E),^{t,x-Yl''\v) G S)2,p(^)nDp,p(^), (7(t, x- 
Y}"\y) G I)2,p(£;)nl)p,p(£;) and /i(t,x-y/"^) G T)p{E,Y), where the classes 
Dp{E), ^r,p{E), Dr,p{E) and Dp{E,Y) are defined on the extended prob- 
ability space ($7,7^, P) with the filtration F'. According to the first part 
of the proof, there is a unique strong solution w G Dp{E) of (j28p . More- 
over, w{t, x) is cadlag in t, smooth in x and possesses the properties (i) and 
(ii) with all the norms defined on the extended probability space. Since 
the norms entering the estimates (i) and (ii) are invariant with respect to 
random shifts of the space variable x G R*^, we conclude that the norms 
\d'''w\hp{E) and |tt;|jj/3+tj^^^ defined on the extended probability space do not 
exceed the right-hand sides of the estimates (i) and (ii) defined on the orig- 
inal probability space. 



asis)dWs 
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Applying the Ito-Wentzel formula (see Proposition 1 of [lOj). we have 



w 



{t,x + = uo{x)+ / 4 u'(s,x + yi")) - Au;(s,x + yi")) 

Jo L 



1 



+f{s,x) + -{B{s) - 6iy'w^,,^{s,x + yW)l 



a=2 



ds 



+ / Vu;(s-,x + yi"Vyi") 

Jo 

yj")) -'«;(s-,x + yi"^) 

-{Vwis-,x + Y}^^),Yj-^-Y}^^) 



aG(0,2) 



+ / / <I>(s, X, u)7?((is, du) 
'0 Ju 

rt I- i-t 
+ 1 I 5'(s,x,y)g(°)((is,dy)l„g(o,2) + / h{s,x)dWs. 



'0 JRi 







Thus 

u;(t,x + y/"^) (29) 
= uo{x)+ [ \A^''^w{s,x + Yj"^) - Xw{s,x + Yj''^) + f{s,x) 



ds 



+ 




10 JRo '- 

rt 



+ 



Let 



{s-,x + y}"^ + c'^\s,z)) - w{s-,x + y}"^) g(ds,(iz)lc,e(o,2) 

+ / Vw{s,x + Yj'''>)as{s)dWsla=2+ [ [ ^{s,x,v)r]{ds,dv) 
Jo Jo Ju 

S'(s,x,y)g(")(ds,dy)lc,g(o,2) + / h{s,x)dWs. 




10 JRd, 



w{t, x) = w[t, x + y/"^) , u{t, x) = Eiw{t, x), 
where for a measurable integrable function F on Q = 0, x we denote 



EF = y" F{oj,u))P{du}). 



Obviously, u € T)p{E), and by Holders inequality, 

\d^'u\l^p{E) ^ Ww\l.p(E) 
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where the norms |5'^5'|lp(_b) and \d'^w\^f)+a^^^ defined on the extended prob- 
abihty space coincide with the norms \d'^ w\i^^(^e) and |u)|jgj/3+Q|.^^ and do not 
exceed the right-hand sides of the estimates (i) and (ii). Therefore, the 
function u satisfies the estimates (i) and (ii). Moreover, u is cadlag in t, 
and smooth in x. Taking expectation E of both sides of (I29p . we see that u 
satisfies (1251). 



Uniqueness. Let Ui G Dp{E), i = 1,2, be two strong solutions of ([25]). 
Then u = ui — U2 is a strong solution to the problem 

du{t,x) = {A'^"''>u- Xu){t,x)dt mE, 
u{0,x) = in R"'. (30) 

Considering ([30]) separately for every w € ri, without loss of generality we 
can assume that the coefficients m^°'\B,b of the operator A^"^ and the 
function u are non-random. 

We fix arbitrary {to,x) G E and introduce the processes Z^°'\ t € 
[0,to]i Oi G (0,2], defined on some probability space by 

Zt'^ = f [ X^''Hy)yqa{ds,dy)+ f [ [l-x^-\y)]yp^{ds,dy) 
Jo Jn^ Jo Jk^ 

+ / b{s)ds la=l 
Jo 

for a € (0, 2) and 

ZP = [ a{s)dWs. 
Jo 

Here, Pa{dt, dy) is a Poisson point measure on ([0, to] xR-qi '^([0, to])'X'S(Ro)) 
with the compensator m^"\tQ — t,y)dydt/\y\'^^" , 



qa{dt,dy) = pa{dt,dy) - m^"\to - t,y) 



dydt 

|y|d+Q: 



is a martingale measure, a{t) is a symmetric square root of the matrix B(t) 
and Wt is a standard Wiener process in R"^. By Ito's formula, 

-u{to,x) = e-^^''u{0,x + Zlf) -u{to,x) 

= j'j e-^t (-^ + A(")n - An) (to -t,x + z[''^)dt = 0. 

Since {tQ,x) G E was arbitrary, u = on E. 
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The lemma is proved. ■ 
Proof of Theorem 1191 Existence. According to Lemma [TTl there is 
a sequence of input functions {uQn, fn,^n,gmhn), n = 1,2, ... , such that 

Uon G fn G ^p{E), e D2,p(^)nDp,p(^), gn G 32,p(^)n3p,p(S), 

/in G S)p(£', y) and 

- + " + '"^ " "Mt^E) + - ^-"B^tr^c^^) 

+ Ig - 5n|„^+f + b - 5n|_/3+.-f + |/i - ^n|H^+i(^) ^ (31) 



as n — 7- oo. By Lemma [20l for every n there is a strong solution n„ € '£)p{E) 
of (f25]) with the input functions UQn, fn,^n, dn, hn- Since ((25]) is a linear 
equation, using the estimate (ii) of Lemma 1201 we derive that (un^ is a 
Cauchy sequence in Mp^°'{E). Hence, there is a function u G Mp^'^{E) such 
that \un — u\^/3+a^^^ — 7> as n — 7> oo. 



Passing to the limit in (l26l) with u,uo, f,^, g,h replaced by Un, uon, fn,^n,gn, hn 
and using (f2T]) . we get the estimate (j26|) . 

Passing to the limit in the equality (see Definition [3]) 



( j'^^/„(t, •), = {J^uo, v9> + / J^^z„(s, - Xif) + {J^fis, •), 

Jo L 

+ / / {J^^n{s,-,v),ip)r](ds,dv) 
Jo Ju 

+ {j'^9n{s-,-,y),ip)q^"'^{ds,dy)l^^(^o^2) 
Jo Jr^ 

+ f {J^hnis, ■),ip)dWs , if G 5(R'^), 

Jo 

as n — >■ oo and using Lemma [T71 we get that the function u is a strong 
solution of (1251). 



Uniqueness. Let n E Mp^'^{E) be a strong solution of (|25p with zero 
input functions uq, /, $,5 and h. Hence, for every ip G 5(R'^) and t G [0,T] 
P-a.s. 



{J'^u{t,-),ip) = {A^''W^u{s,-),ip- X^)ds (32) 







Let = Ce(2;)) X G R'^, e G (0,1), be the functions introduced in 
Section 3. Inserting ip{-) = (^{x — ■) into (f32]l . we get that the function 

v,{t,x) = J^u{t,-)*CAx) 
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belongs to T)p{E) and 

Ve{t,x)= [\a^''^ -X)ve{s,x)ds. 

Jo 

By Lemma 1201 = P-a.s. in E for all e € (0,1). Hence, for every 
if G <S(R'^) and t G [0, T] P-a.s. 

= {vs{t, ■),^) = {J^u{t, •) * C„ if) ^ ( J^n(t, 

as e ^ 0. 

The theorem is proved. ■ 

6 General model 

Finally let us consider the equation ([T]). First we solve it for the smooth 
input functions. For g G Ti2,p{E) n Tip^p{E) let 

J^g{t, X, y) = g{t, x-y,y), {t, x) e E,y e Rq. 

We define for e > 

= lc,g(o,2) / [Ag(t, X, y) - g{t, x, j/)]/^"^ (t, y) , (t, x) € E. 

J\y\>£ \y\ 

If g,Ag G S2,p(-E^) n I)p,p(£'), then for each e > we have leg G '^2,piE) D 

Proposition 21 Lei p ^ 2 and Assumption A hold. Let 

f G 2)p(^), $ G D2,p(^) n ^p,p{E), 
^9,9 e 2'2,p(^) nS)p,p(^),no G Dp(R'^) 

(^uo 2S To-measurable) . Assume that there is Ig G Dp{E) such that for every 
K G R and multiindex 7 G Nq 

\Is9 - l9\m-(E)+'^[ sup |L'2/e5(s,x) -Z)2/c,(s,x)n ^0 

{s,x)£E 

as e ^ (we denote 
Ig{t,x) = lae(o,2) / [9(.t,x-y,y) -g{t,x,y)]l'^°'\t,y)-—^,{t,x) G E.) 
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Then there is a unique u G ^p{E) solving Moreover, P-a.s. u{t,x) 
is cadlag in t and smooth in x, and there is a constant C independent of 
uq, f,g,^ such that 

Proof. Let 

y}''^ = W(o,2)[^Y X^''\y)yq^''\ds,dy) + 1^ I (1 - x^'^Hy))yp{ds , dy)] 

+la=2 / a{s)dWs. 
Jo 

Consider the problem 

dw{t, x) = {i(")u'(t, x) - Xw{t, x) + f(t,x- y/"^) - Ig{t, x - y/^^) (34) 
+{h{t,x- y/"^)dTyt - lc,=2dih{t,x- Y}''^)a'{t)dt} 
+ J g{t,x - y - Y^t\y)q^''\dt,dy) + J ^t,x - Y}^\v)v{dt,dv), 
uj{0,x) = uo{x), 

where A^"^u is defined as A^"^u in ([2]) with m*^"^ replaced by m*^"-* — l^"'^ and 
B'^{t) replaced by B'^{t) - ^a'{t) ■ a^{t). Obviously, 

«>(t,x-y/"\t;) G D2,p(i?)nDp,p(i?),/(t,x-y/")), 

Igit,x - Y}''^),dih\t,x - Yl''^)a\t)lo,=2 G ^piE), 

g{t,x-y-Y}''\y) G f)2,p{E) nf)p,p{E),uo e ^p{TC^), 

and by Lemma [20] there is a unique solution w G Dp{E) of ( \34^ . Moreover, 
P-a.s. uj{t,x) is cadlag in t, smooth in x and the estimates (|26p . (j27p hold. 
For e G (0, 1) set 

= W(o,2)[ r / + /* / {i - x^''\y))yp{ds,dy)] 

Jo J\y\>e Jo J 

+la=2 f a{s)dWs,Yi''^'" = lae(o,2) f I x^''\y)yq^''\ds,dy), 

JO JO J\y\^e 
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^ t ^ T. Applying Ito-Wentzel formula (see Proposition 1 of ^lOj ) we have 

u;(t,x + y/"^'") 

= uo{x) + Vu'(s-,x + yi"^'^)dyi")'" + J ^{t,x-Y}"^'',v)r]{ds,dv), 



+ ^[tu (s-,x + yi")'^) - w{s-,x + yj"^'") - vw{s-,x + y/5'=)Ay(")'"] 



ft 



+ / h{s,x-Y}^'>'')dWs + 



5(5,3; - yj"^'^ - y,y)q'-"\ds,dy) 

A^'^'^wis, x + yj")'") - Xw{s, X + yj")'^) + /(s, X - yj"^'^) - /^(s, x - yj"))) ds 

+ ^ [Aw;(s, X + yi")'^) - Au;(s, x + yj"^'^) 



+ 



1 /■* 

+la=2- / fT*(s) • a^is)dfMs,x + Yj"'>'')ds,0 ^ t ^ T. 
^ Jo 



Since 



rt 



[Au;(s, X + yi")'^) - Au'(s, X + yi"^'")" 

fi^(s,x-yJ"^'^y) -5(s,x-yJ"^'^ p^'^\ds,dy) 

gis, X - yi°)'^ y) - gis, x - yj^^'^ - y, y)] (ds, dy) + i I,g{s, x - Y^^^^')ds, 




'0 J\y\>e 
rt 




J\y\>£ 

it follows (by passing to the limit as e — ?> 0) that u{t,x) = w{t,x + y/"^) 
satisfies ([1]) . By our assumptions and Lemma [20] (the estimate ([27|) , 

|5^^^lLp(i?) < 00,7 G 

and ()33p holds. Therefore u is a solution of ([1]). The uniqueness follows from 
the fact that we can go backwards. Repeating the arguments as above we 
find that if u G T)p{E) solves ([1]) then w{t,x) = u{t,x — y/"'*) is the solution 
of the class Dp{E) to (|34p for which the uniqueness holds. ■ 

Corollary 22 There is at most one solution u G m^^"{E) of (DP. 

Proof. Let u G M^^°'{E) be a solution to ([25]) with zero input functions. Let 

C G C^(R'^),e > OXeix) = e-'^C{x/e) and applying §1 with C^{x--)eC^ 
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we see that 

Ueit,x)= I j'^u{t,y)Ce{x - y)dy 



belongs to Dp{E) and solves ([T|)). Therefore, by Proposition [2T]tt^(t. x) = 
for all e > 0. The statement follows. ■ 

6.1 Proof of Theorem [5] 

By Lemmas 1101 and 1111 there are sequences 

fn G Dp(^),$n € D2,p(^) nDp,p(^), 
gn G 2)2,p(S) n2)p,p(£;),U0,n € Dp(R'^) 

defined by ([13]) such that 



^ as n — 7> OO. 

_/3+Q,_a - B+- 

Since Ac/ G ]Bp,pp " {E) n Ela^p " {E) it follows by the definition of the ap- 
proximating sequence that A(7„ G f)2^p{E) n 'I)p^p{E) and 



as n — 7- OO as well. Since Ii;g — )• Ig in IHp(£') as e ^ we have for each n 
and K G R (see estimate of Lemma [TOll 



(/e5)n = 45n ^ (/ff)™ = /^n aS £ ^ in M;;(S), 

where {Ieg)n ^^"^ (-^5). approximations defined by p^ . In addition, by 
Lemma [TOl 

= /5„ ^ /fir in H^(£;) as n ^ OO, 
and for each n and multiindex 7 G Nq 

E[ sup \Dlhgn{s,x) - Dllgn{s,x)\^] ^ 

{s,x)&E 
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as e — 7- 0. Therefore all the assumptions of Proposition [21] are satisfied with 
smooth input functions fn,gn, hn,uo^n, ^n- Let us denote Un the correspond- 
ing smooth solution of the class Dp{E). By definition, 

Unit) (35) 
= Unfl+ / [A^°'^Un{s) - XUn{s) + fn{s)]ds 

Jo 

+ [ [_ [Unis-,- + y)-Unis-,-)+gnis,-,y)]q^'^\ds,dy)lae{0,2) 
'0 JU JO 

According to the estimate of Proposition 1211 there is a constant C indepen- 
dent of n, m such that 

\Un - '"mlH^+-(£;) ^ C[\Un,0 " Um,o\^0+^-f ^^^^ + \fn - fm - {1 9n - ^ 9ra)\j^P^^E^ 



Jni 



+ \kgn - A5n^|g.+ f + |A5n " A^n^ | f ^^^] • 

Therefore the sequence n„ is Cauchy in ]Hp^"(£') and there is n G ]HIp^"(£') 
such that \un — ^Ijj/3+<^(e) — >■ as n — >■ oo. Using Lemmas [T2l [T71 Corollary 
[T3] and Theorem 1 in |16] , we pass easily to the limit in (j35p as n — )■ oo in 
H^i'R'^). Obviously, is i7^(R'^)-valued cadlag function. 

The uniqueness follows by Corollary 1221 Theorem [8] is proved. 
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